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AN APPROXIMATEM THODFORESTIM#WU?GTHEINCOMPRESSIBLE
LAMINARBOUNDARY-U= CHN3A.CTERISTICS
ONAIKATPIATEIX SIJTP~GfiW
By Colemand~. Donaldson
An approximatem thodispresentedfortheest=tim ofthe
propertiesoftheincompressiblelaminarboundarylayeruna flat
plateinthesliwflowregia usingK&m&ts mcmentumethcd.
At equivalentstationsonthesamebodyat thesameReynolds
nmiber,thetotalthiclmessamdtheskinfrictionofa slipping
bomdarylayerme lessthanthatofthenormalboundarylayer atthesame
Reynoldsnumber.However,theclifferencebetweentheslipandnormal
boundarylayeris smalluntilslipvelocitiesat thewa12areencountered
.-
whicharelargeinccqarisonwiththefre~treamvelocity;that
is,U’w~ 0.3U.O.Anhrportanteffectofslipisthatonthedisplacaent
thicknessofthebountirylayer.
Thefollowing
of slipphenmena:
,
describingviscous
criterionispresentedfordeterminingthetiportance
~m
>0.04, slipbecomesan importantfactorini
phenomena.
INTRODUCTION
RecentinterestinveryMgh altitudef~ght ~S ~d toan ~terest
inandconsiderablespeculationas to thenatureofgasflowswhenthe
.—
meanfreepathofthegasmoleculesisoftheorderofmagnitudeofthe
boundary-layerthiclmessona bodyandalsoforwhichthemeanfree
pathofthemoleculesisoftheorderofmagnitudeofthelengthofthe
bodyitself.Tsien(reference1)hasdescribed.thesetwotypesofK1.ow,
theformerbeingcalledtheslip-flwreg~ am theutter thefie+ .
moleculs-flowregime.
. J
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Therehasbeencons~derableworkdoneon Shearordragforces
intheslip-fluwregion(seereferences2, 3,and4),butmostofthis
workhasbeendoneonboundedflawssuchas theflowletweentwo
concentricrotatingcylindersortheflowthroughlongtfi?)es.It iS
thepurposeofthispaperto investigatehegeneralnatureofthe
.—
slipflowona flatplatewhenthemeanfreepathisoftheorderof,
butlessthan,theboundary-layerthickness.Theanalys-isonlyan
approxmtion,butthepropetiiesofa la.m&nar~oundaryiayerinthe
slip--flawregimeandthemagnitudeofthedrag.reduction.dueto SMP
are,evaluated.Insofaras a simplemethodofevaluatiomlsuseful,
—
suchan approximateanalysismaybe justified.
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SYMBOLS —
dragcoefficient .: —-
ratio(5/h)
lengthofflatplate —
lengthof orderofmeanfreepath
—
massofmolecule
horizontalvelocity
vertical.velocity
horizontalcoordinate
verticalcoordinate
boundary-layer
meanfree path
Viscosity
thiclmess .<
Mnamaticviscosit~
density
shearstress
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Su?3scriyts:
n normalflow
o free-streamvalues
s slipflow
w wallvalues
ANALYSIS
K&m&n*smcmentumtheoryfortheboundarylayerona flatplate
maybe expressed(seereference5) by thefommik
/
5
T“=& fXZ(Uo -u)dy
o
(1)
Thisformulamaybe usedifthenormalboundary-layerassumptionsare
valid;thatis,thattheboundary-layerthiclmessIs -U ccqaredwith
thedistanceto theleadingedgeoftheplate,tlwttheflowinthe
boundarylayerisahost parallelto thesurface,andthatthema@r
viscoustermsareofthesameorderofmagnitudeas theinertiaterms.
Itwillbe seenas theanalysisprogressesthattheseconditionsaremet,
andsoa velocityprofileforthelaminarboundarylayerconsistent
withtheboundaryconditionsin slipflowwillbe assumedandusedto
solveequation(1)fortherateofgrowthoftheboundarylayerandthe
valueofthesurfacefriction
Thevelocityat thewall
considerations( eereference
sothatifa boundary-layer
at a &ivenstation.
ina slipflowfrcm
4, Pp.2914299)my
profileofthe
u
—= A+ B~+C
Uo
.
elementarykinetic
betakenas
(2)
(3)
—.
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isassumed,thefollowingbuundaryconditionsmaybe taken
Theapplication.oftheseboundaryconditionsresultsin
u
--&—=2A2:b-+ZX% b2 +6‘o
Thefrictionat thewall,is ——-.
.
—
(4)
(5)
-.
.
0 _@uo .Ql‘w=~ dy~ 2A+8 (6)
7-
Uponsubstitutingequations(~)and (6) inequation(1)andassumingthe
flowtobe incompressible,thefollowingresultis obtain@by carrying
outtheintegration
211uo 2d
‘w = 2A+5=PU0 =
Equation(7) iS differentiatedto olfbain
(7)
-
(2L+6)2
-. -— %-
—
(8)
—
—
.
.-
—
.
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Thisequationisnowintegratedandyields
Thiseq~tionrelatesthedistancefrcm
andtheboundary-layerthiclmessfora given
maybe Stipliffedby the fitroductionofthe
ratio
theleadingedgeofa flatplate _
wherebyequation(9) beta.ues
meanfreepath. Equation(9)
platelengthZ andthe
x Uoz 2k2
t) (
ks
‘=—- —–&+WE )
2+k
2 y z 10 –&m+&l%- (10)
or
$ = R.&_)2f(k) (U)
Equation(11)givesthepositionona flat@ate atwhichthe
boundarylayeris k thes thickerthanthemeanfree~th. Thevalue _
—.
of
and
the
f(k) isplottedagainstk infigure1.
—
limmequation(2)thevelocityat thewallatanypointisgivenby
2U0
% =—2+k (I-2)
frcmequation(6) thefrictionstressat thewalldividedby twice
d-c’ pressureis
l
.’
Tw 1c)2—= ———PU02 ‘n 2+k (13)
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Thedisplacanentthicknessoftheboundary.I.ayerisfoundtobe
.-
. . .
-*”
(14) .-.-.—
— —.
It isreadilyseenthatifthemeanf%oe@th A isplacedequal
to zeroinequation(~)theboundary-layerprofilebecanes
.
. .
andtheboundary-layer
eqya.ti.on(9), tobe
thicknessisfound,by puttingA.= O in
->
.
<
r8.5.48 ~U. .—
“*
whichis ingeneralagreementwiththeBlasjusplution.
—,.,
A specificexampleisnowworkedoutto illustratefora ~rticular
casethedifferencebetweena slipanda normalflow.ThuBa Reynolds
numberof100wasassumedandtheratioofplatelengthtomeanfree
pathwaschosenas25. Thismightcorrespondtoal-fo~hcmd plate
travelingat a Machnumberaround2.9at an altitudeof250,000feet,
since(seeappendixA)
.-
R
M=~~ -.1.37 2 (15)
—
.
A lowervelocitymighthavebeenchosenfora l–footbodyat 250,000feet,
—
sothattheflowwouldle incompressible,buttheresultingltmerReynolds .—
numberwouldhavegivena largertoundaryla,yerandtheslip-flowregionwould ..*_
havebeenconfinedtoa sanewhatsmalleregionneartheleadingedgeso
thatitwouldhavebeenmoredifficultto demonstrateheresultsofthe
—
u
.,,-
—
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slip.Indeed.,this
analysisto include
Figure“2shows
factindicates
theeffectsof
thedesirabilityofextendingthe
cmupressilility.
thesolutionforthethicknessoftheboundarylayer
alongtheplateh termsofthed~nsionleasratios6/L and x]Z.-
Thevelocityprofilesarealsoplottedat thetiproperpositions.It
is seenthatthereisa slipvelocityat thewallovertheentireplate.
Figure3 showsthissolutioncqed withthenomnalboundary-layer
solutionatthesameReynoldsnumber.It isseenthattheslipping
boundarylayeristhinnerat equivalentstationsthanthenormalloundary
layer(takeninthisexampletobe thesolutionwhen X = O).
Figure4 showsa cmparisonofthedisplacementthichessesinterms
oftheratio 5*/Z forthetwocases.It can%e seenthatthereisa
largeeffectonthedisplacementthiclmessdueto slip,asmightbe expetied.
Finally,figure5 showsa comparisonofthelocalskinfrictionsin
thetwocasee.Itmaybe seenthatas thethiclmessoftheboundarylayer
becomeslargewithrespec$to themeanfreepath,theslipskinfriction
l
approachesthenormalvalue.Butat theleadingedgewhere,sincethere
isnoboundarylayer,theflowmustbe a free+noleculeflow,theresult —
ofthisanalysisiscomparedwiththefre~oleculestresscoefficient
l givenby(seeappendixB):
0.366 0.366Tv=T.5T =0.1.25
It isseenthatthepresentmethodyieldsa stressat theleading
edgethatis Justtwicethevaluederivedfromfreemoleculeconsiderations.
If theseskinfrictionsareinte~ted overthesurfaceoftheplate,the
dragcoefficientfortheslipflowon onesurfaceisfoundtobe
Cda= o.1312 .
whileforthennrml flowat thesameReynoldsnumberit isfoundtobe
Cdn= 0.1460
Thefigureshows
frictionovermostof
thattheeffectof sliphaslittleeffectontheskin
theplate.
8DISCUSSION
Strictlyspeaking,theequationforthe
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velocity at thewall.
holdsonlyfortheboundarylayerwhenthemeanfreepathisconsiderably
lessthantheboundary-layerthickness.Thnerrorisprincipally that,
inderivingtheequationforthevelocityat thewall,themomentumbrought
into thewallbymoleculesatan averagedistanceL fromthewallis
(seereference4, ~. 140)
[ ()]~%+LQQdy~
Itmaybe seenfromtheshapeofthevelocityprofileinfigure6 that
thisassumptionbecomesfeasiblewhentheboundary-layerthiclmessis
approximatelytwicethelengthL orapproximatelytwicethemeanfree
path. It is,therefore,obviousthat this tyyeofanalysisisonly
applicabletoboundary-layerregionswhenthemeanfreepathisabout
one-halforlessthanone-halfthe,boundary-layerthickness. --
Itromtheanalysisitis seenthatthethicknessesandrateofgr@h._
oftheslipboundaryLiyer areofthesameorderofmagnitudeasthose
ofa normalboundarylayerat thesameReynoldsnumber,andhencethe
boundary-layer assumptionsecessaryforequatim(1)mustbe equally
validfortheslipboundarykyer. -.
In general,theeffectofslipisto decreasethedragandthe
boundary-layerthicknessfrcmwhatwouldbe calculated far..a normal
boundaryWyer at the.sameReynoldsnumber.Thegreatesteffectof slip
isuponthedisplacementthiclmess.Thegrmth oftheboundarylayer
andtheskinfrictionatthewallmaybe veryclosetothenormalvalues
eveninthepresenceofa considerableslipvelmityat thewall;that
is,Uw = 0.3U0. -.
It shouldbe notedthatfurtherboundaryco?iditionsmaybe tiposed
by assumtighigherpowersof y/8 intheequationofthevelocityprofile.
Themostobviousconditiahneglectedby thisanalysisis
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l
d’
Thisconditioaleadsto
B1.asiusresultsforthe
,
resultsin somewhat%etteragreementwiththe
but leadsto difficultiesin
apyreciableandthereexists
Fromtheexsmpleitmay
of L =0 where ~=0 sothat .-
the analysiswhenthemeanfreepathis
a slipvelocityat thewall.
be seenthatiftheb~ L4yerat the
endoftheplateh& a thic~ss lessthanabout~ ttmeathsmeanfree
path,it-mighthe expectedthattheeffectsof slipwouldbe impmtant.
I&cmth@ factit ispossibleto construct,withtheaidof equations(H)
and(15),anap~r~~te crtterionfortheQortance of
phenomena.Uponsubstitutingequation(15)tito equation
putting; = 1.0 forthetrailingedge,thereresulte
sli~
(IL) and
If k Istobe lessthan20 at thetrailingedge,then f~k)~ must
be lessthan16.5, or roughly
Z>L
2 25
(16)
Franthisapproximatecriterionfortheimportanceof slip-fluw
effects,itmaybe seenthatslipphenomenawi~ be morehnportantat
highMachnunibersandthepresentamdysisshouldbe extendedto include
theeffectsofccsnpressibili~.Thiscriterionagreeswellwiththe
sli~flowreg3meas defInedbyTsien.Further,itmaybe seenthatthe
twofundamentalvariablesmostusefulto describegasflowsat low
densitiesareMachnumberandtheratioofmeanfreepathtobodylength.
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CONCLUSIONS _— . -_>—
z -.
<
1.An approxhatemethodof estimatingtheslip-flowbounda~layer
ona flatplatehasbeenpresented. ——
.
2.At equivalentstationsthetotalthicknessandtheskinfriction
ofa slippingboundarylayerarelessthan‘catofthenornmlbound~
layeratthesameReynoldsnudber.
3. Thedifferencebetweentheslipandnormalboundaglayeris snW2
untilslipvelocitiesat thewalLareencounteredwhit5 arelargeincomparisonwiththefree-streamvelocity,thatis,~ = 0.3u0. —
4. AnImportanteffect of slipisthatonthedisplacementthiclmessof
theboundarylayer.
5.Thefollowingcriterionispresentedfm.determiningtheimportance
of slipphenmena:If m~> 0.04,slipbecomesan importantfactorin
describingviscousphen&na.
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APPENIHXA
DERIVATIONOFEQUATION(15)
Reynoldsnumberisdefinedas
and, from the kinetictheoryofgases,
P = o.4ggpc2
so that practically
~.2;+
Sincethemeanmolecularvelocity5 forairis 1.462timesthe
velocityof sounda, thereresults
Rn . 1.3*
or
Id
M
R@/2
=—
1.37
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APPENDIXB .:
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DERIVATIONOFEREE-MOLECUIEFRICTIONSTRESSCOEI!FICIENT
Themomentumwhichstrikesa
@ate ina fh’e-oleculeflowis
reflectedtithzerovelocityfrom
stressat thesurfaceis
T
w
mit areain& unittimeofa flat
l/4pm.. Ifall.themoleculesare
thesurfaceoftheplate,theshear
.+uo ., +—
, -—
Thestresscoefficientistherefore
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